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Introduction

• We’ve noted that investors should be compensated for taking on risk
• A large part of finance is concerned with identifying the risk factors
that explain differences in expected returns

• This problem is not trivial as there is no evidence to suggest that
firms with high historical standard deviations have also provided high
rates of return

• Ang et al. (2006) and Ang et al. (2009) show the opposite result, as
stocks with high idiosyncratic standard deviations have provided low
average returns
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Introduction

• CAPM asserts that expected returns are linearly related to a single
systematic source for the risk of the market portfolio

• Hence the cost of equity capital should reflect a risk premium that
compensates investors for systematic risk

• If the CAPM provides incorrect results then managers may forgo
profitable projects that have a positive NPV and vice verse

• To consider an alternative model to compute the cost of capital we
now discuss Arbitrage Pricing Theory and Factor Models
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Arbitrage Pricing Theory and Factor Models

• APT suggests that the return on the market portfolio may not be
the only source of systematic risk

• Originally developed by Ross (1976)
• Suggests that other economy-wide factors could also affect the
returns of securities

• These factors might include news about inflation, interest rates,
GDP, unemployment, etc.

• Changes in these factors may affect future corporate profitability,
which could influence the measure of risk and discount rate for
future cash flows
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Arbitrage Pricing Theory and Factor Models

• APT asserts that expected returns for a security are linearly related
to K systematic factors

• Exposure to these factors is measured by factor “beta” coefficients in
the regression

E[r̃i] = rf,t + βi1γ1 + · · · + βiKγK

• where βik,t is the beta or risk exposure on the k-th factor and γk is
the factor risk premium, for k = 1, 2, . . . ,K

• When K = 1 and f1 is the market portfolio factor the APT is
equivalent to the CAPM

• When βi2 = 1 and there are zero betas on all other factors then its
expected return will be Et[r1] = rf + γ2

• Hence, the risk-free rate increased by an extra return to compensate
for taking on the factor risk, f2
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Arbitrage Pricing Theory and Factor Models

• There are a number of key differences in the assumptions of the
CAPM and the APT

• CAPM is based on mean-variance theory and assumes that only
means and variances matter

• This requires restrictions on either the statistical distribution of the
asset returns (i.e. normality of errors) or restrictions on the form of
the utility function (i.e. degree of risk aversion)

• APT does not impose such strong distributional assumptions and
does not impose any restrictions on the form of the utility function
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Arbitrage Pricing Theory and Factor Models

• APT assumes that it is sufficient for only some investors to be able
to take advantage of arbitrage opportunities

• If the expected returns on particular assets deviate from what is
accounted for by their beta risk, smart investors construct an
arbitrage portfolio to make abnormal returns

• In a competitive market, we assume that there are no "free lunch"
arbitrage opportunities - as they would be exploited by smart
investors

• Hence assets are only rewarded as a result of their beta risk exposure
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Arbitrage Pricing Theory and Factor Models

• Technically, the APT may be implemented with a K-factor model

r̃i,t − rf,t = αi + βi1f̃1,t + · · · + βiK f̃K,t + ε̃i,t

• where f̃1, f̃2, . . . , f̃K are the systematic factors that affect all the
asset returns on the left-hand side, i = 1, 2, . . . , N

• The asset-specific risk elements are contained in ε̃i,t
• The tilde sign is used to denote random variables for asset returns,
factors, and specific risks

• This econometric model does not presuppose what the expected
returns on the assets should be - it is not a theoretical model

• It does not impose the no-arbitrage assumption and as such the
alpha’s are not necessarily linearly related to the beta’s
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Arbitrage Pricing Theory and Factor Models

• APT does not provide any specific information about what the
specific factors are (or should be)

• Does not provide information on the number of factors that should
be included

• In contrast the CAPM states that a single factor for the market
should be included in the model
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Arbitrage Pricing Theory in a One Factor Model

• To consider the intuition of the APT consider a one-factor model
with two assets

r̃1 = µ1 + 0.8f̃

and

r̃2 = µ2 + 1.6f̃

• Where f̃ is the single factor that affects the return on both assets
with E(f̃) = 0

• While µ1 and µ2 are the expected asset returns for the assets
• For example, for asset 1:

E(r̃1) = µ1 + 0.8 E(f̃) = µ1 + 0.8 × 0 = µ1

• We then need to work out how µ1 and µ2 are related to their betas
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Arbitrage Pricing Theory in a One Factor Model

• With two assets and one factor, a portfolio of two assets can
eliminate the single factor risk

• With the current beta values we construct portfolio z:

z̃ = 2r̃1 − r̃2 = 2µ1 − µ2

• This portfolio is risk-free with a constant return 2µ1 − µ2

• If there is a risk-free asset with rate of return rf an arbitrage
opportunity exists if two risk-free investments have different returns

• Suppose that rf is 5% then since portfolio z is risk-free its return
should be 5%
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Arbitrage Pricing Theory in a One Factor Model

• If portfolio z provides 2µ1 − µ2 = 6% the investor can borrow funds
at the risk-free rate and invest in the risk-free asset portfolio to earn
a return of 6%

• Such an arbitrage profit is unlikely to be available in a competitive
market

• Investors would make use of such an opportunity and their activity
would result in a change in the price of the respective assets to
eliminate the risk-free profit

• Hence, in asset pricing theory we typically make the assumption that
there are no such arbitrage opportunities
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Arbitrage Pricing Theory in a One Factor Model

• Since the risk-free portfolio z should have the same return as the
risk-free asset

2µ1 − µ2 = rf

• which can be rewritten as:

µ1 − rf
0.8

=
µ2 − rf

1.6

• Suggests the ratio of the excess expected returns on the two assets
divided by their betas should be equal
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Arbitrage Pricing Theory in a One Factor Model

• If we use λ1 for the proportional coefficient

µ1 = rf + 0.8λ1

µ2 = rf + 1.6λ1

• Similarly, the same beta pricing relation holds for any asset

µi = rf + βiλ1

• where µi is the expected return on a risky asset with beta risk βi
• Suggests that the expected excess asset returns are proportional to
their beta risks, which is the claim of the APT in the one-factor case

• This resembles the CAPM despite the fact that it has been derived
under different assumptions
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Arbitrage Pricing Theory in a Multifactor Model

• Consider now the K-factor model in the equation

r̃i,t − rf,t = µi + βi1f̃1,t + · · · + βiK f̃K,t + ε̃i,t

• where we assume that the factors have zero means so the expected
excess asset returns are given by the µi’s

• Now we want to examine under what conditions the following
pricing relation is true

E[r̃i] = µi = rf + βi1γ1 + · · · + βiKγK

• In this case we have K risk factors and the unsystematic risk ε̃i,t
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Arbitrage Pricing Theory in a Multifactor Model

• The argument for beta pricing in the one-factor case can be
extended to the K-factor model

• To show this consider any portfolio weights w1 and w2

w1 + w2 = 1

• That satisfy the condition of no risk

w1β1 + w2β2 = 0

• In our example, β1 = 0.8 and β2 = 1.6, such that

z̃ = w1r̃1 + w2r̃2

• will be riskless as before and the risk-free rate of return will equate

w1µ1 + w2µ2 = rf
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Arbitrage Pricing Theory in a Multifactor Model

• Using these portfolio weights this can be rewritten as

w1(µ1 − rf ) + w2(µ2 − rf ) = 0

• Note that a portfolio that eliminates factor risk arises when the
expected excess return vector is a linear function of the betas
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Arbitrage Pricing Theory in a Multifactor Model
• To see why the beta-pricing relation remains true in the N assets
case, consider the portfolio

r̃p =

N∑
i=1

wir̃i

=

(
N∑
i=1

wiβi1

)
f̃1t + · · · +

(
N∑
i=1

wiβiK

)
f̃Kt +

N∑
i=1

wiε̃i,t

• Suppose now that the portfolio weights are orthogonal to all the
betas,

N∑
i=1

wiβik = w1β1k + w2β2k + · · · + wNβNk = 0, k = 1, 2, . . . , K

• Then the portfolio has only unsystematic risk,

r̃p =

N∑
i=1

wiε̃i,t
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Arbitrage Pricing Theory in a Multifactor Model

• Under certain conditions, this risk will be approximately zero
• To see why, assume all the unsystematic risks are independent across
assets and they have the same variance σ2

u

• Then the variance of r̃p is:

σ2(r̃p) = (w2
1 + w2

2 + · · · + w2
N )σ2

u

• When there are a large number of assets, the weights can be roughly
of the same magnitude of 1/N

• Hence σ2(r̃p) should be of magnitude

(1/N)2 ×N × σ2
u = σ2

u/N

• which approaches zero as N approaches infinity
• This implies that r̃p is almost risk free
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Arbitrage Pricing Theory in a Multifactor Model

• Hence, in the absence of arbitrage the return on r̃p should be
approximately rf

w1(µ1 − rf ) + w2(µ2 − rf ) + · · · + wK(µK − rf ) ≈ 0

• As in the one-factor case, this implies an approximate beta-pricing
relation

• Under some additional assumptions, such as a finite upper bound on
the variances for all risky assets and certain properties relating to the
utility, the approximate relation can be exact - as suggested by APT
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Factor Models

• APT does not suggest where one should find the factors to estimate
the associated beta risks

• When investing in certain sectors or industries, it allows investment
managers to identify important factors that affect the assets of
interest, to identify miss-pricing opportunities

• Widely used in practice as a tool for estimating expected asset
returns and the covariance matrix is used in portfolio construction

• This is because if market participants can identify those true factors
that drive asset returns, they will have much better estimates of the
true expected asset returns and the covariance matrix

• Hence, there is considerable research devoted to analysing factor
models in practice by the investment community

• Factor models could also be used for predicting future returns
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Factor Models
Known Factors

• When economy-wide factors affect returns in a well-diversified
portfolio they cannot be diversified away

• Hence, risk premiums on particular securities are determined by the
sensitivity of returns to the economy-wide factors

• To determine these factor risk premiums, researchers construct
factor-mimicking portfolios

• These portfolios are often highly correlated with the economic factors
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Factor Models
Known Factors

• The simplest case of factor models is where the K factors are
assumed known or observable

• In this case, the K-factor model for the return-generating process is
a multivariate regression for each asset

r̃i,t − rf,t = αi + βi1f̃1t + · · · + βiK f̃Kt + ε̃i,t

• For example, if one believes that GDP is the driving force for a
group of stock returns we use a one-factor model

r̃i,t − rf,t = αi + βi1 ˜GDP t + ε̃i,t

• Another popular one-factor model is the market portfolio model

r̃i,t − rf,t = αi + βi1(r̃m,t − rf,t) + ε̃i,t

• where r̃m,t is the return on a stock market index
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Factor Models
Known Factors

• To understand the covariance matrix estimation it will be useful to
write the K-factor model in matrix form

R̃t = α+ βf̃t + ε̃t

or

 r̃1,t
...
r̃N,t

 =

 α1

...
αN

+

 β11 · · · β1K
...

. . .
...

βN1 · · · βNK


 f̃1,t

...
f̃K,t

+

 ε̃1,t
...
ε̃N,t


where R̃t is an N -vector of asset excess returns, α is an N -vector of
alphas, β is an N ×K-matrix of betas or factor loadings, f̃t is a
K-vector of factors, ε̃t is an N -vector of model residuals
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Factor Models
Known Factors

• For example, we can write a model with N = 3 assets and K = 2
factors as r̃1,t

r̃2,t
r̃3,t

 =

 α1

α2

α3

+

 β11 β12
β21 β22
β31 β32

[ f̃1,t
f̃2,t

]
+

 ε̃1,t
ε̃2,t
ε̃3,t


• Taking the covariance of both sides of equation, we obtain the
return covariance matrix

Σ = β′Σfβ + Σε

• where Σf is the covariance matrix of the factors, and Σε is the
covariance matrix of the residuals
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Factor Models
Known Factors

• The matrix Σf can be estimated by using the sample covariance
matrix from the historical returns

• This works for Σε too if N is small relative to T
• However, when N is large relative to T the sample covariance matrix
of the residuals will be poorly behaved

• Usually an additional assumption that the residuals are uncorrelated
is imposed, so that Σε becomes a diagonal matrix

• This can then be estimated by using the sample variances of the
residuals

• In the estimation of a multifactor model, it is implicitly assumed
that the number of time series observations T is far greater than K
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Fama-French Model Two-Factor Model

• Fama & French (1992) showed that the market value [ME] and the
book equity to market equity ratio [BE/ME] contribute to the
explanation of average stock returns

• Average returns on firms with small market capitalisations were
higher than could be explained by their betas with the market
portfolio

• This is explained by the lack of communication between the firm’s
managers and investors

• This asymmetric information could lead investors to require higher
rates of return from small firms

• Firms that have high BE/ME ratios (so-called value firms) also have
higher average returns than what can be explained by the CAPM
and have outperformed growth stocks

• Interestingly, these firms often suffer from financial distress (which
may cause investors to demand a risk premium for bearing this risk)
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Fama-French Model Two-Factor Model

• Fama and French’s findings are still the subject of great debate in
the economic literature

• Many mutual fund companies offer value funds and small-cap funds
• Hence, individual investors can easily diversify their portfolios along
size and value characteristics

• Researchers have found little evidence of a value effect in a larger
sample and may have disappeared more recently
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Fama-French Model Three-Factor Model

• Fama & French (1995) then developed a three-factor model to
explain average equity returns

• First factor is the return on the value-weighted market portfolio in
excess of the risk-free return, as in the CAPM

• Second factor is the difference in the return on a portfolio of small
firms and the return on a portfolio of big firms

• Third factor is the difference between the return on a portfolio of
firms with high BE/ME values and the return on a portfolio of firms
with low BE/ME values

• To find the sensitivities of a firm’s equity return to the three factors
you run a simple regression

• Average rates of return on the factor-mimicking portfolios are
combined with the estimated sensitivities to the returns on the
factor-mimicking portfolios to provide the required rate of return on
the investment
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Fama-French Model Three-Factor Model

• Fama & French (1998) applied their model to international data to
show that two factors explain the cross-section of expected returns
in 13 countries

• These relate to the return on the world market and a global version
of the book equity to market equity ratio
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Fama & French (1998) Results
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Fama & French (1998) Results
• If the current risk-free interest rate is 5%, and the world market
equity risk premium is 5.93%, from the capital asset pricing model,
the required rate of return for the Australian firm from the CAPM is

rAUS = 5% + (0.84 × 5.93%) = 9.98%

• We estimate the premium on the value factor-mimicking portfolio to
be 3%

• Therefore, the required equity rate of return implied by the
Fama-French two-factor model is

rAUS = 5% + (0.90 × 5.93%) + (0.59 × 3.00%) = 12.11%

• Notice that the two estimates of the required rate of return on the
stock are very different

• The value firms in Australia have historically provided higher average
rates of return than the CAPM would imply

• Although the Fama-French model has become quite popular, it
remains an empirical model, not grounded in formal theory
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Examples of Factor Models

• Other prominent multifactor models where known factors are used
include

• MSCI Barra fundamental factor model
• Burmeister-Ibbotson-Roll-Ross (BIRR) macroeconomic factor model
• Barclay Group Inc. factor model (which pertains to the bond market)
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Latent Factor Models

• While some applications use observed factors, some use entirely
latent factors

• They take the view that the factors ft in the K-factor model are not
directly observable

R̃t = α+ βf̃t + ε̃i,t

• Without imposing what ft are we can statistically estimate the
factors based on the factor model and data

• Makes use of factor analysis that summarise the properties of
variables referred to as latent factors

• The latent factor models serve two main purposes
• they reduce the dimensionality of models to make estimation possible
• they find the likely common drivers of the data
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Latent Factor Models

• To describe some of the properties of the latent factor model note
that the factors are not uniquely defined in the model

• All sets of factors are linear combinations of each other
• This is because if f̃t is a set of factors, then for any K ×K
invertible matrix A, we have:

R̃t = α+ βf̃t + ε̃i,t

• where f̃t has the associated regression coefficients β (known as a
factor loadings)

• Note that the return covariance matrix formula holds regardless of
whether the factors are observable or latent

Σ = β′Σfβ + Σε
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Combined Factor Models

• We can consider a more general factor model with both views,

R̃t = α+ βf̃t + βg g̃t + ε̃t

• where f̃t is a K-vector of latent factors, g̃t is an L-vector of
observable factors, and βg are the betas associated with g̃t

• If we believe a few fundamental and macroeconomic factors are the
driving forces, we will use them to create the g̃t vector

• Since we may not account for all the possible factors, we need to
add additional K unknown factors, which are to be estimated from
the data

• The estimation of the above factor model usually involves two steps
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Combined Factor Models

• In the first step, a regression of the asset returns on the known
factors is run in order to obtain β̂g, an estimate of βg

• This allows us to compute the residuals,

ût = Rt − β̂ggt

• Then in the second step, a factor estimation approach is used to
estimate the latent factors for ût

ũt = α+ β̃ft + υ̃t

• where ũt is the random differences whose realised values are ût
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Predictive Factor Models

• An important feature of these factor models is that we have used
time t factors to explain time t returns

• However, portfolio managers are also usually concerned about
time-varying or future expected returns

• In this case, they often use a predictive factor model such as the
following to forecast the returns

R̃t+1 = α+ βf̃t + βg g̃t + ε̃t

• where as before f̃t and g̃t are the latent and observable factors
• The difference is that the earlier R̃t is now replaced by R̃t+1
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Predictive Factor Models

• Computationally, the estimation of the predictive factor model is the
same as for estimating the standard factor models

• It should be noted that the regression R2 is usually very high for
in-sample explanatory factor models

• While a predictive factor model would usually have an R2 that rarely
exceeds 2%

• This simply reflects the fact that assets returns are extremely
difficult to predict in the real world

• For example, Rapach, Strauss, and Zhou (2013) find that the R2

coefficients are mostly less than 1% when forecasting industry
returns using various economic variables and industry returns
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Conclusion

• While the CAPM is the dominant model to determine the cost of
capital - APT and Factor models are also popular

• Fama & French (1992), Fama & French (1995), and Fama & French
(1998) proposed various specifications of factor models

• In addition to the market portfolio, the Fama-French three factor
model includes an explanatory factor for high book-to-market stocks
(value stocks) as they suggest that there is evidence that small
stocks and value stocks have outperformed large stocks and growth
stocks

• Could also estimate a latent factor model to identify the drivers of
stock market returns

• Other models could include both known factors and latent factors
• While in-sample explanatory power is usually impressive, the
out-of-sample predictive power of these models is poor
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