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Introduction

• Small open-economy models that are driven by productivity shocks
can explain the observed counter-cyclicality of the trade balance

• Two features that are important for making this prediction possible
are that productivity shocks must be sufficiently persistent and the
capital adjustment costs must not be too strong

• In this model we also include:

1. endogenous labour supply and demand
2. uncertainty in the technology shock process
3. capital depreciation.
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General Model Structure

E0

∞∑
t=0

βtU(Ct, Nt)

subject to

Ct + It + Φ(Kt+1 −Kt) + (1 + rt−1)Dt−1 = Yt +Dt

• where Dt denotes the household’s debt position at the end of t

• rt is the interest rate at which domestic residents can borrow in t

• Yt denotes domestic output, It denotes gross investment, and Kt

denotes physical capital
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General Model Structure

• Output is produced by means of a linearly homogeneous production
function that takes capital and labour services as inputs

Yt = AtF (Kt, Nt)

• The stock of capital evolves according to

Kt+1 = (1− δ)Kt + It
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General Model Structure

• Setup the Lagrangian

L = E0

∞∑
X=0

βt{U(Ct, Nt) . . .

+λt[AtF (Kt, Nt) + (1− δ)Kt +Dt − Ct − (1 + rt−1)Dt−1 . . .

−Kt+1 − Φ(Kt+1 −Kt)]}
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General Model Structure

• Derive the first order conditions

Ct+Kt+1−(1−δ)Kt+Φ(Kt+1−Kt)+(1+rt−1)Dt−1 = AtF (Kt, Nt)+Dt

λt = β(1 + rt)Etλt+1

UC(Ct, Nt) = λt

− UN (Ct, Nt) = λtAtFN (Kt, Nt)

1+Φ′(Kt+1−Kt) = βEt
λt+1

λt
[At+1FK(Kt+1, Nt+1) + 1− δ + Φ′(Kt+2 −Kt+1)]

lim
j→∞

Et
Dt+j∏j

s=0(1 + rs)
≤ 0
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General Model Structure

−Uh(Ct, Nt)

Uc(Ct, Nt)
= AtFN (Kt, Nt)

• The left-hand side of this expression is the household’s labour supply
schedule

• It is the marginal rate of substitution between leisure and
consumption, which is increasing in hours worked, holding the level
of consumption constant

• The right-hand side of is the marginal product of labour

• The law of motion of the productivity shock is assumed to be given
by the first-order autoregressive process

logAt+1 = ρ logAt + η̃εA,t+1



Kevin Kotzé 9/59

Inducing Stationarity
External debt-Elastic Interest Rate (EDEIR)

• In a small open economy with one internationally traded bond and a
constant interest rate satisfying β(1 + r) = 1

• This would give rise to a random walk in consumption, net external
debt, and the trade balance

• The nonstationarity of the small open economy model complicates
the task of approximating equilibrium dynamics, because available
approximation techniques require stationarity of the state variables

• Here, we follow Schmitt-Grohé & Uribe (2003) and induce
stationarity by making the interest rate debt elastic
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Inducing Stationarity
External debt-Elastic Interest Rate (EDEIR)

• Assume that the interest rate faced by domestic agents, rt, is
increasing in the country’s cross-sectional average of debt, which we
denote by D̃t

rt = r∗ + p(D̃t)

• r∗ = constant world interest rate

• p(D̃t) = country interest-rate premium

• D̃t = cross-sectional average of debt

• p(·) function is assumed to be strictly increasing
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Inducing Stationarity
External debt-Elastic Interest Rate (EDEIR)

• In equilibrium cross-sectional average of debt will equal individual
debt

D̃t = Dt

• Intuition as to how this induces stationarity is simple

• Growing level of debt causes the country premium to rise inducing
households to increase savings, which curbs debt growth

• Similarly, if the external debt falls below its steady state level, the
country risk premium falls inducing households to increase
consumption and reduce savings, which fosters debt growth
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Inducing Stationarity
External debt-Elastic Interest Rate (EDEIR)

• Here, we have motivated a debt-elastic interest rate on purely
technical grounds

• This feature is also of interest for empirical and theoretical reasons

• For example, we argue on econometric grounds that data from
emerging countries favour a significantly debt-sensitive interest rate

• From a theoretical point of view, a debt-elastic interest rate is of
interest because it represents a simple way to capture the presence
of financial frictions
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Inducing Stationarity
External debt-Elastic Interest Rate (EDEIR)

• One can then construct the equilibrium process for the trade balance
from the definition

tbt = Yt − Ct − It − Φ(Kt+1 −Kt)

• where tbt denotes the trade balance in period t

• Finally, the current account is given by the sum of the trade balance
and net investment income

cat = tbt − rt−1Dt−1
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Decentralized Economy
Household

• We assume that each period the household supplies Nt hours to the
labour market

• We also assume that the household owns shares of a firm that
produces physical capital and rents it to firms that produce final
goods

• Let wt denote the real wage, Πt the profit generated by
capital-producing firms,

• st refers to the number of shares of the capital producing firm
owned by the household and pst the price of each share

• The household takes wt,Πt, and pst as exogenously given
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Decentralized Economy
Household

• Given the previous utility function and the following budget
constraint

Dt = (1 + rt−1)Dt−1 + Ct + pst (st − st−1)− st−1Πt − wtNt

• Household chooses {Ct, Nt, Dt, st}∞t=0 to maximise utility

• The first-order conditions are them similar to what we had before to
provide

−Uh(Ct, Nt)

Uc(Ct, Nt)
= wt

• and

λtp
s
t = βEtλt+1[pst+1 + Πt+1]
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Decentralized Economy
Household

• The variable pst represents a stock market index such as the S&P 500

• The above Euler equation can be integrated forward to obtain

pst = Et

∞∑
j=1

βj
λt+j
λt

Πt+j

• which states that the value of the stock market in period t equals
the present discounted value of future expected profits
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Decentralized Economy
Firm

• Firms produce final goods with labour and capital and operate in
perfectly competitive markets

• The production technology is given by

Yt = AtF (Kt, Nt) .

• Profits in period t are given by

AtF (Kt, Nt)− wtNt − utKt.
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Decentralized Economy
Firm

• Each period t ≥ 0 the firm hires workers and rents capital to
maximize profits

• The first-order conditions associated with the firm’s profit
maximization problem are

AtFN (Kt, Nt) = wt

• and

AtFK(Kt, Nt) = ut
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Decentralized Economy
Firm

• Firms producing capital invest It units of final goods each period are
subject to adjustment costs Φ(Kt+1 −Kt) measured in units of final
goods

• Each period, these firms rent the stock of capital to firms producing
final goods at the rental rate ut per unit

• Profits of firms producing capital goods are then given by

Πt = utKt − It − Φ(Kt+1 −Kt)
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Decentralized Economy
Firm

• The problem of the firm producing capital goods is to choose
processes {Πt, It, Kt+1}∞t=0 that maximize the present discounted
value of profits

E0

∞∑
x=0

βt
λt
λ0

Πt

• Subject to the law of motion of the capital stock and the definition
of profits

• Note that profits are discounted using βtλt/λ0, which is the value
assigned by households to contingent payments of goods in period t
in terms of units of goods in period 0



Kevin Kotzé 21/59

Decentralized Economy
Firm

• The capital producting firm’s objective function yields

E0

∞∑
x=0

βt
λt
λ0

[(ut + 1− δ)Kt −Kt+1 − Φ(Kt+1 −K)]

• The optimality condition with respect to Kt+1 is then given by

λt[1 + Φ′(Kt+1 −Kt)] = βEtλt+1[ut+1 + 1− δ + Φ′(Kt+2 −Kt+1)]

• We can normalize the number of shares to be one per household at
all times

st = 1



Kevin Kotzé 22/59

Decentralized Economy
Equilibrium Conditions

−
Uh(Ct, Nt)

UC(Ct, Nt)
= AtFN (Kt, Nt)

Ct+Kt+1−(1−δ)Kt+Φ(Kt+1−Kt)+[1+r∗+p(Dt−1)]Dt−1 = AtF (Kt, Nt)+Dt

UC(Ct, Nt) = β(1 + r∗ + p(Dt))EtUC(Ct+1, Nt+1)

1 = βEt

{
UC(Ct+1, Nt+1)

UC(Ct, Nt)

[At+1FK(Kt+1, Nt+1) + 1 − δ + Φ′(Kt+2 −Kt+1)]

1 + Φ′(Kt+1 −Kt)

}
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Decentralized Economy
Equilibrium Conditions

• A competitive equilibrium in the decentralized economy arises for
the following variables:
Dt, D̃t, Ct, p

s
t , st, rt,Πt, Nt, wt, λt, Yt, ut,Kt+1, It, At

Yt = AtF (Kt, Nt)

Kt+1 = (1− δ)Kt + It

λt = β(1 + rt)Etλt+1

UC(Ct, Nt) = λt

logAt+1 = ρ logAt + η̃εA,t+1
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Decentralized Economy
Equilibrium Conditions

rt = r∗ + p(D̃t)

D̃t = Dt

lim
j→∞

Et
Dt+j∏j

s=0(1 + r∗ + p(Ds))
= 0

Dt = (1 + rt−1)Dt−1 + Ct + pst (st − st−1)− st−1Πt − wtNt

−Uh(Ct, Nt)

Uc(Ct, Nt)
= wt

pst = Et

∞∑
j=1

βj
λt+j
λt

Πt+jAtFN (Kt, Nt) = wt

AtFK(Kt, Nt) = ut

Πt = utKt − It − Φ(Kt+1 −Kt)

st = 1
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Decentralized Economy
Functional Forms

• We assume that the period utility function takes the form

U(C, N) =
G(C,N)1−σ − 1

1− σ
, σ > 0,

• with

G(C, N) = C − Nω

ω
, ω > 1.

• The form of the subutility index G(C, N) implies that the labour
supply (the marginal rate of substitution between consumption and
leisure) is independent of the level of consumption

• Given these preferences the equilibrium condition is

Nω−1
t = wt

• This labour supply schedule has a wage elasticity of 1/(ω − 1) and is
independent of Ct
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Decentralized Economy
Functional Forms

• The utility function U(C, N) displays constant relative risk aversion
(CRRA) over the index G(C, N)

• The parameter σ measures the degree of relative risk aversion, and
its reciprocal, 1/σ, measures the intertemporal elasticity of
substitution

• We use a Cobb-Douglas specification for the production function,

F (K, N) = KαN1−α,

• with α ∈ (0, 1)

• This implies a unitary elasticity of substitution between capital and
labour

• That is, a one percent increase in the wage to rental ratio, wt/ut,
induces firms to increase the capital-labour ratio by one percent
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Decentralized Economy
Functional Forms

• The capital adjustment cost function is assumed to be quadratic,

Φ(x) =
φ

2
x2,

• with φ > 0

• This specification implies that net investment, whether positive or
negative, generates resource costs

• Finally, we follow Schmitt-Grohé & Uribe (2003) and assume that
the country interest rate premium takes the form

p(D) = ψ1(eD−D − 1) ,

• where ψ1 > 0 and D̄ are parameters

• According to this expression the country risk-premium is an
increasing and convex function of net external debt
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Decentralized Economy
Steady States

• For any variable we denote its steady-state value by removing the
time subscript

1 = β[1 + r∗ + ψ1(eD−D − 1)]

• Assume that

β(1 + r∗) = 1

• In the context of the present model, this assumption is a
normalization, and is not necessary to ensure stationarity

• Combining the above two restrictions one obtains

D −D.
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Decentralized Economy
Steady States

• The steady-state version of Euler for capital goods

1 = β

[
α

(
K

N

)α−1

+ 1− δ

]
• This expression delivers the steady-state capital-labour ratio

K

N
=

(
β−1 − 1 + δ

α

)1/(α−1)

• Using this expression to eliminate the capital-labour ratio from
equilibrium condition evaluated at the steady state, one obtains the
following expression for the steady-state level of hours

N =

[
(1− α)

(
K

N

)α]1/(ω−1)
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Decentralized Economy
Steady States

• Given the steady-state values of labour and the capital-labour ratio,
the steady-state level of capital is simply given by

K =
K

N
N.

• Finally, the steady-state level of consumption can be obtained by
evaluating equilibrium condition for consumption at the steady state

C = −r∗D̄ +

(
K

N

)α
N − δK

• This completes the characterization of the deterministic steady state
of the present economy
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Parameterization

• This is a system of 4 equations in 4 unknown endogenous variables,
(C,D,N,K)

• It has 7 unknown parameters, ω, α, δ, r∗, ψ, D̄, β.

• The model has 4 additional structural parameters, σ, φ, ρ, η̃, which
do not enter the steady state but which also need to be assigned
values

• In sum, there are 11 structural parameters to be calibrated

• They are:[
ω α δ r∗ β σ φ ρ η̃ D̄ ψ

]
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Parameterization

• We adopt the same calibration as Mendoza (1991) for Canada

• This would give us the following values

σ 1 + r∗ = 1/β δ α ω φ ρ σε D̄
2 1.04 0.1 0.32 1.455 0.028 0.42 0.0129 0.7442



Kevin Kotzé 33/59

The Calibration Strategy

• As in Schmitt-Grohé and Uribe (2003), we set ψ to ensure that the
EDEIR model predicts the same volatility of the
current-account-to-output ratio as the IDF model

• The value that achieves that is

ψ = 0.000742
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The Calibration Strategy

To obtain the values of the structural parameters shown in the previous
slide, three types of restrictions were imposed:
Category a: restrictions using sources unrelated to the data that the
model aims to explain, 4 parameters: σ = 2, δ = 0.1, r∗ = 0.04,
β = 1/(1 + r∗).
Category b: restrictions to match first moments of the data that the
model aims to explain, 2 parameters: α, D̄

labour share =0.68

trade-balance-to-output ratio =0.02

Category c: restrictions to match second moments of the data that the
model aims to explain, 5 parameters: ω, φ, ψ, ρ, η̃. The second
moments to be matched are: σy, σh, σi, σtb/y, corr(log Yt, log Yt−1)
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Performance

• For the SOE model to be successful we would want to observe that:
• the more persistent productivity shocks are, the more likely an initial
deterioration of the trade balance will be

• the more pronounced are capital adjustment costs, the smaller will
be the initial trade balance deterioration in response to a positive
and persistent productivity shock.

• the more persistent the technology shock is, the higher the volatility
of consumption relative to output will be

• The next three figures show that these analytical results do indeed
hold in the fully-fledged stochastic dynamic open economy model
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Impact response of the trade balance as a function of the persistence of the technology shock
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Notes. The figure shows the impact response of the trade balance in response to a one percent positive innovation in productivity
predicted by the EDEIR model. The response of the trade balance is measured in units of steady-state output. All parameters other than
ρ take the values shown above. The open circle indicates the baseline value of ρ.
Comments: The figure shows that the more persistent the productivity shock is the smaller the impact response of the trade balance will
be. For ρ > 0.3, the response of the trade balance is negative.
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Impact response of the trade balance as a function of capital adjustment costs
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Notes. The figure shows the impact response of the trade balance in response to a one percent positive innovation in productivity as a
function of the size of capital adjustment costs, φ, predicted by the EDEIR model. The response of the trade balance is measured in units
of steady-state output. All parameters other than ρ take the values shown above. The open circle indicates the baseline φ value.
Comments: The figure shows that the higher capital adjustment costs are the larger the impact response of the trade balance will be. For
φ > 0.06, the response of the trade balance turns positive.
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Relative volatility of consumption as a function of the persistence of the stationary technology shock
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Notes. The relative standard deviation shown is that implied by the EDEIR model. All parameters other than ρ take the values shown
above. The open circle indicates the baseline value of ρ.
Comments: The figure shows that the more persistent stationary productivity shocks are, the higher the standard deviation of
consumption relative to the standard deviation of output will be, just as derived analytically in the permanent income model.
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Performance

We now turn an analysis of second moments predicted by the SOE model
and compare them to the Canadian data.
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Some Empirical Regularities of the Canadian Economy

Why Canada? Because it is a small open economy and it is the economy
studied in Mendoza (1991).

Variable Canadian Data
σxt ρxt,xt−1 ρxt,GDPt

y 2.8 0.61 1
c 2.5 0.7 0.59
i 9.8 0.31 0.64
h 2 0.54 0.8
tb
y

1.9 0.66 -0.13
Source: Mendoza AER, 1991. Annual data. Log-quadratically detrended.

Comments

• Volatility ranking: σtb/y < σc < σy < σi

• Consumption, investment, and hours are procyclical

• The trade-balance-to-output ratios is countercyclical

• All variables considered are positively serially correlated

• Similar stylized facts emerge from other small developed countries
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Empirical and Theoretical Second Moments

Canadian Data
1946 to 1985 1960 to 2011 Model

σxt ρxt,xt−1 ρxt,Yt σxt ρxt,xt−1 ρxt,Yt σxt ρxt,xt−1 ρxt,Yt
y 2.8 0.6 1 3.7 0.9 1 3.1 0.6 1
c 2.5 0.7 0.6 2.2 0.7 0.6 2.7 0.8 0.8
i 9.8 0.3 0.6 10.3 0.7 0.8 9.0 0.1 0.7
h 2.0 0.5 0.8 3.6 0.7 0.8 2.1 0.6 1
tb
y

1.9 0.7 -0.1 1.7 0.8 0.1 1.8 0.5 -0.04
ca
y

1.4 0.3 0.05

Comments:

• σh, σi, σy, σtb/y, and ρYt,Yt−1 were targeted by calibration, so no real
test here.

• model correctly places σc below σy and σi and above σh and σtb/y.

• model correctly makes tb/y countercyclical.

• model overestimates the correlations of hours and consumption with
output.
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Response to a Positive Technology Shock
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Source: Schmitt-Grohé and Uribe (JIE, 2003)
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Comments:

• Output, consumption, investment, and hours expand

• The trade balance deteriorates
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The Complete Asset Markets (CAM) Model

• Previous SOE model features incomplete asset markets

• Agents have access to a single financial asset that pays a
non-state-contingent rate of return

• Now we assume that agents have access to a complete array of
state-contingent claims

• Introduction of complete asset markets induces stationarity in the
equilibrium dynamics

• So there will be no need to introduce any ad-hoc stationarity
inducing feature
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The SOE Model With Complete Asset Markets

Etrt+1bt+1 = bt + Yt − Ct − It − Φ(Kt+1 −Kt),

lim
j→∞

Etrt+jbt+j ≥ 0,

• The household’s problem consists in choosing contingent plans
{Ct, Nt, Kt+1} to maximize the utility

• The Lagrangian associated with this problem is

L = E0

∞∑
x=0

{βtU(Ct, Nt) + ξ0r0,t[AtF (Kt, Nt)− Ct . . .

−Kt+1 + (1− δ)Kt − Φ(Kt+1 −Kt)]}+ ξ0b0

• where ξ0 > 0 denotes the Lagrange multiplier on the time-0
present-value budget constraint

• Need to solve state-by-state reflecting the fact that in the present
environment consumers have more financial instruments available to
diversify risk
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The SOE Model With Complete Asset Markets

• Some of the additional first order constraints include:

βUc(Ct+1, Nt+1)

Uc(Ct, Nt)
= rt,t+1

• which suggests that consumers equate their intertemporal marginal
rate of substitution of current consumption for consumption in a
particular state next period, for the price of the corresponding state
contingent claim scaled by the probability of occurrence of that state
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The SOE Model With Complete Asset Markets

• In addition, we have the condition:

Uc(Ct, Nt) =
ξ0
ξ∗0
U∗C∗(C∗t , N

∗
t )

• for all dates and states

• This suggests that under complete asset markets, the marginal
utility of consumption is perfectly correlated across countries

• The ratio ξ0
ξ∗0

reflects differences in per capita wealth between the

domestic economy and the rest of the world

• Because the present model is one of a small open economy, C∗t and
N∗t are taken as exogenously given

• We can endogenize the determination of C∗t and N∗t to create a
two-country model with complete asset markets in which one
country is large and the other is small
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The SOE Model With Complete Asset Markets: Predicted
Second Moments

σxt ρxt,xt−1 ρxt,GDPt
variable CAM EDEIR CAM EDEIR CAM EDEIR

y 3.1 3.1 0.61 0.62 1.00 1.00
c 1.9 2.71 0.61 0.78 1.00 0.84
i 9.1 9.0 0.07 0.07 0.66 0.67
h 2.1 2.1 0.61 0.62 1.00 1.00
tb
y 1.6 1.78 0.39 0.51 0.13 -0.04
ca
y 3.1 1.45 -0.07 0.32 -0.49 0.05
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Impulse Response to a Unit Technology Shock
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Dash-diamond, EDEIR model. Dash-dotted, complete-asset-market model.
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Alternative Ways to Induce Stationarity
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The Internal Debt-Elastic Interest Rate (IDEIR) Model

rt = r + p(Dt),

The Euler equation becomes

λt = β[1 + r + p(Dt) + p′(Dt)Dt]Etλt+1

p(D) = ψ2

(
eD−D̄ − 1

)
,

Calibration: Same as in the external case. Note that the steady-state
value of debt is no longer equal to D̄. Instead, d solves

(1 +D)eD−D̄ = 1⇒ d = 0.4045212.
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Internal Debt-Elastic Interest-Rate
Variable σxt ρxt,xt−1

ρxt,GDPt
y 3.1 0.62 1
c 2.5 0.76 0.89
i 9 0.068 0.68
h 2.1 0.62 1
tb/y 1.6 0.43 -0.036
ca/y 1.4 0.31 0.041
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Internal Debt-Elastic Interest Rate Premium
Response to a Positive Technology Shock
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Comment: The economy with internal debt-elastic interest rate premium behaves very simularly to the economies featuring other
stationarity inducing devices.
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The Portfolio Adjustment Cost (PAC) Model

Dt = (1 + rt−1)Dt−1 − Yt + Ct + It + Φ(Kt+1 −Kt) +
ψ3

2
(Dt − D̄)2

λt[1− ψ3(Dt − D̄)] = β(1 + rt)Etλt+1

Calibration

β D̄ ψ3 r
0.96 0.7442 0.00074 β−1 − 1
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The External Discount Factor (EDF) Model

θt+1 = β(C̃t, Ñt)θt t ≥ 0,

θ0 = 1,

where C̃t and Ñt denote per capita consumption and hours worked.

λt = β(C̃t, Ñt)(1 + rt)Etλt+1

λt = UC(Ct, Nt)

−Uh(Ct, Nt) = λtAtFN (Kt, Nt)

λt[1 + Φ′t] = β(C̃t, Ñt)Etλt+1[At+1FK(Kt+1, Nt+1)

+ 1− δ + Φ′t+1]

In Equilibrium
Ct = C̃t and Nt = Ñt
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Inducing Stationarity: Quantitative Comparison of Alternative Methods
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Impulse Response to a Unit Technology Shock in Models 1 Through 5
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Source: Schmitt-Grohé and Uribe (JIE, 2003). Note. Solid line, endogenous discount factor. Squares, endogenous discount factor without
internalization. Dashed line, Debt-elastic interest rate. Dash-dotted line, Portfolio adjustment cost. Dotted line, complete asset markets.
Circles, No stationarity inducing elements.
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Observed and Implied Second Moments

Data Model 1 Model 1a Model 2 Model 3 Model 4
Standard Deviations
y 2.8 3.1 3.1 3.1 3.1 3.1
c 2.5 2.3 2.3 2.7 2.7 1.9
i 9.8 9.1 9.1 9 9 9.1
h 2 2.1 2.1 2.1 2.1 2.1
tb/y 1.9 1.5 1.5 1.8 1.8 1.6
ca/y 1.5 1.5 1.5 1.5
Serial Correlations
y 0.61 0.61 0.61 0.62 0.62 0.61
c 0.7 0.7 0.7 0.78 0.78 0.61
i 0.31 0.07 0.07 0.069 0.069 0.07
h 0.54 0.61 0.61 0.62 0.62 0.61
tb/y 0.66 0.33 0.32 0.51 0.5 0.39
ca/y 0.3 0.3 0.32 0.32
Correlations with Output
c 0.59 0.94 0.94 0.84 0.85 1
i 0.64 0.66 0.66 0.67 0.67 0.66
h 0.8 1 1 1 1 1
tb/y -0.13 -0.012 -0.013 -0.044 -0.043 0.13
ca/y 0.026 0.025 0.05 0.051

Source: Schmitt-Grohé and Uribe (JIE, 2003)

Note. Standard deviations are measured in percent per year.
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Conclusion

The main finding of this body of work is that once all the models are
made to share the same calibration, their quantitative predictions
regarding the behaviour of key macroeconomic variables, as measured by
unconditional second moments and impulse response functions, are
virtually identical
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