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Introduction

• Capital should be allocated to an investment project when the
present value of the net cash flows exceed the current investment
outlay

• This requires a discount rate for the cost of equity capital that is set
by investors in the capital markets

• Investors must be compensated for the opportunity cost of an
investment with an appropriate expected rate of return

• International bond market sets the cost of a company’s debt equal
to the risk-free interest rate on bonds plus a risk premium

• Discount rate for equity cash flows would also depend on the
perceived risks associated with the cash flows

• In global equity markets it is difficult to quantify risk as there are
many more factors involved
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Introduction

• In what follows we consider the competing methods for determining
the cost of equity capital

• These methods are applied in an international context were investors
diversify their portfolios

• Therefore we need to understand the theory behind an optimal
portfolio choice

• As we will see that international diversification is highly desirable
• Also useful to identify the factors that influence risk and return in
international markets
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Risk and Return of International Investments
The Two Risks of Investing Abroad

• To understand how currency fluctuations affect international
investments consider an example

• When a U.S. investor is bullish about the South African stock
market such an investment would provide exposure to the South
African rand

• Let St be the $/R exchange rate where st+1 = [St+1 − St]/St is the
rate of appreciation of the rand relative to the dollar

• Dollar rate of return on South African equity is rt+1,$

• This return is made up of the rand rate of return on South African
equity, rt+1,R

• And the rate of change in the value of the rand, st+1
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Risk and Return of International Investments
The Two Risks of Investing Abroad

• The following calculation first converts from dollars to rands to get
1/St rands

• Each rand earns the rand return 1 + rt+1,R in the equity market
• The total rand return is then sold for dollars at St+1

1 + rt+1,$ = [1/St]× [1 + rt+1,R]× St+1

• Subtracting 1 from each side and using St+1

St
= 1 + st+1 gives

rt+1,$ =
[
1 + rt+1,R

]
×
[
1 + st+1

]
− 1

• or

rt+1,$ = rt+1,R + st+1 + rt+1,R × st+1

• Hence, the dollar rate of return depends on the local equity rate of
return plus the currency return plus a cross-product term (that is
small and often ignored)
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Risk and Return of International Investments
Volatility of International Investments

• For an investor in a highly developed country international
investments have two problems:

• Volatilities of equity returns in foreign countries may exceed those of
local equity returns

• Currency changes may also be pretty volatile
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Risk and Return of International Investments
Characteristics of Foreign Equity Returns, 1980-2010
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Risk and Return of International Investments
Volatility of International Investments

• While the return to a foreign investment is well approximated by the
sum of a local equity return and the currency return,
rt+1,$ = rt+1,FC + st+1

• Volatility is not additive because it is the square root of the variance
and the variance of the sum of two variables involves their covariance

var
[
rt+1,FC + st+1

]
= var

[
rt+1,FC

]
+ var

[
st+1

]
. . .

+2cov
[
rt+1,FC, st+1

]
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Risk and Return of International Investments
Volatility of International Investments

• Rewriting the variance as a function of the correlation, ρ
• The covariance of two variables equals the correlation between the
variables multiplied by the product of the two volatilities

• Correlation is a number between -1 and 1 that indicates how closely
the variations are related

var[rt+1,FC + st+1] = var[rt+1,FC] + var[st+1] . . .

+2ρvol[rt+1,FC]vol[st+1]

• Suppose the correlation is 1 then using (A+B)2 = A2 +B2 + 2AB

var[rt+1,FC + st+1] = vol[rt+1,$]
2

=
{
vol[rt+1,FC] + vol[st+1]

}2

• Hence, if ρ = 1, the volatility of the dollar return on foreign equity is
the sum of the foreign equity volatility and currency return volatility

• However, as long as ρ < 1, the total dollar volatility will be less than
the sum of the two volatilities
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Risk and Return of International Investments
Correlations of Equity Returns in Foreign Currencies with $/FC Returns
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Risk and Return of International Investments
Volatility of International Investments

• While the first table suggests that the volatilities of
dollar-denominated foreign equity returns are often not much above
the original volatility in the local currency

• The correlation between exchange rate changes and local equity
market returns is low

• In most countries the correlation between exchange rate changes and
local stock market returns is slightly negative

• When countries experience real depreciations exporting firms in that
country experience a boost to their competitiveness and profitability
- increasing local stock market values
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Risk and Return of International Investments
Expected Returns

• Risky securities should earn returns higher than the risk-free rate
• However some countries with high volatility provide low returns
• Something else must drive average returns
• Splitting the average dollar return into the average equity return in
the foreign currency and the average currency return, we note that
currency returns range between -1.5% (Italy) and 4.1% (Japan)

• In the long run, currency changes reflect nominal interest rate
differentials that partially reflect inflation differentials
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Risk and Return of International Investments
Sharpe Ratios

• Investors like high returns and dislike losses
• The more variable the returns - the greater is the probability of loss
• Sharpe ratio measures the average excess return relative to the
volatility of the return:

Sharpe ratio =
E[r]− rf
vol[r]

• Investors choose portfolios with high Sharpe ratios
• The U.S. equity market has traditionally produced the highest
Sharpe ratio

• This does not imply that U.S. investors should not diversify their
portfolios
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Risk and Return of International Investments
Sharpe Ratios
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Benefits of international diversification
Risk Reduction through International Diversification
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Benefits of international diversification
Risk Reduction through International Diversification

• Horizontal axis depicts the number of stocks in a portfolio and the
vertical axis shows the variance of a portfolio

• Top line is restricted to U.S. stocks where the relative portfolio
variances decline with the addition of stocks

• After including around 30 stocks it becomes difficult to reduce the
variance further

• About 70% of the variance can be eliminated through diversification
• After including foreign stocks the variance of the equally weighted
portfolios goes down much more quickly

• Variance of the portfolio falls to 10% of the variance of a typical
U.S. stock
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Benefits of international diversification
Risk Reduction through International Diversification

• Single country portfolio is affected by systematic sources of variation
that affect all domestic stocks in the same way

• For example, one isn’t able to diversify away from macroeconomic
forces such as domestic interest rates and economic growth that
affect domestic stocks in a similar way

• Most stocks are positively correlated so you cannot diversify away all
of a portfolio’s variance

• The variance that cannot be diversified away is the systematic
variance or market variance

• When an investor holds a diversified portfolio, a stock’s contribution
to the variance depends on its covariance with other stocks in the
portfolio
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Benefits of international diversification
Risk Reduction through International Diversification

• Variance of a firm’s return can be split up into idiosyncratic and
systematic components

• Idiosyncratic variance constitutes between 60% and 75% of the total
variance

• This reduces considerably when a portfolio is constructed with
securities that are less than perfectly correlated



Kevin Kotzé 20/50

Benefits of international diversification
Risk Reduction through International Diversification

• Recent research suggests that idiosyncratic volatility, both in the
U.S. and other G7 countries, seems to go through low- and
high-volatility regimes

• In periods of high idiosyncratic volatility, more stocks are needed to
achieve full diversification

• When considering the correlation matrix of the stock market returns
of 23 developed countries we note that these range between 0.23 to
0.79

• Countries that are in close geographic proximity trade with one
another and correlate more highly as their firms are affected by the
common economic factors
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Benefits of international diversification
Correlation Matrix for Developed Countries
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Benefits of international diversification
Risk Reduction through International Diversification

• Other factors that account for correlation in returns include common
variations in discount rates and common variations in expected cash
flow growth rates

• Countries that have similar industrial structures or dominant sectors
would have high correlations

• Certain researchers suggest that industry factors are starting to
dominate country factors

• Emerging markets typically act more independently of integrated
countries

• Unfortunately we find that international diversification benefits
evaporate in bear markets

• However, asymmetric correlations don’t negate the benefits of
international diversification since bear markets remain imperfectly
correlated
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Benefits of international diversification
Effect of International Diversification on Sharpe Ratios

• Although U.S. Sharpe ratio has been higher than the ratios for other
G7 countries, international diversification is beneficial

• It is the Sharpe ratio of the portfolio that results from international
diversification that matters

• As long are markets are not directly correlated one could remove
volatility through diversification

• For example, consider the effects of putting a fraction w of your
all-U.S. portfolio in international equity

• Denote the U.S. return by r and the foreign return (in dollars) by r∗

• The expected return is the weighted average of the expected returns
on the individual assets

• Weights equal to the fractions of wealth invested in each asset,
(1− w)E[r] + wE[r∗]
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Benefits of international diversification
Effect of International Diversification on Sharpe Ratios

• Expected returns aggregate linearly and the volatility of the new
portfolio equals{

(1− w)2var[r] + w2var[r∗] + 2w(1− w)cov[r, r∗]
}1/2

• Since the covariance is a function of the correlation - correlations
matter
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Benefits of international diversification
Effect of International Diversification on Sharpe Ratios

• To show the benefits of international diversification
• Denote the U.S. Sharpe ratio, E[r − rf ]/vol[r], and the Sharpe ratio
for foreign equity, E[r∗ − rf ]/vol[r∗]

• Let the correlation between the U.S. and foreign returns be ρ
• Starting from a zero investment in foreign equities, the Sharpe ratio
increases when you add foreign equity exposure should the following
condition hold

E[r∗]− rf
vol[r∗]

> ρ
E[r]− rf
vol[r]

• Hence, the Sharpe ratio improves if the Sharpe ratio of the new asset
is higher than the Sharpe ratio of the U.S. portfolio multiplied by the
correlation between the U.S. return and the international return

• i.e. the lower the correlation with the U.S. market, the lower the
Sharpe ratio of the foreign market needs to be to increase your
Sharpe ratio
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Benefits of international diversification
Effect of International Diversification on Sharpe Ratios

• Hurdle rate is the lowest possible expected foreign return that must
be earned for investors with purely domestic assets to improve their
Sharpe ratio

• Higher when the domestic market has a high Sharpe ratio, the
foreign market is more volatile, or there is high correlation between
foreign and domestic stock returns

Hurdle rate = ρ
E[r]− rf
vol[r]

vol[r∗] + rf

• When considering their correlations with the U.S. market
• Market returns of Japan and Italy have the lowest correlations
• Hurdle rates for the countries with low correlations will be low
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Benefits of international diversification
Correlations Between Foreign and U.S. Equity Market Returns, 1980-2010
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Benefits of international diversification
Effect of International Diversification on Sharpe Ratios

• For example, when the expected return for the United States is 10%
• Risk-free rate is 0.05, and the correlation between Japanese and U.S.
equity returns is 0.37

• The U.S. Sharpe ratio is (0.10-0.05)/0.156, and the volatility of the
Japanese equity return is 0.225

0.05 + 0.37× 0.10− 0.05

0.156
× 0.225 = 0.0767 or 7.67%

• U.S. investor should invest in Japanese equity even if the expected
dollar return on Japanese equity is only 7.67%

• Following table suggest international diversification can easily
improve performance for U.S. investors because the hurdle rates for
expected dollar returns on foreign investments are low
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Benefits of international diversification
Hurdle Rates for Foreign Investments
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Benefits of international diversification
How to Diversify at Home

• Many investment vehicles can be used to accomplish international
diversification

• Purchase equities that have considerable foreign business (e.g.
Richemont)

• Recent literature suggests that the stock returns of multinational
companies behave like international securities

• However, restricting oneself to these companies would not allow for
the full benefits of international diversification

• Similar evidence for cross-list companies, which do not give full
exposure to foreign stock markets

• Could purchase closed-end funds, which may be focused on a
country or region - price may not be perfectly correlated with
underlying assets

• Open-ended funds don’t have this problem
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Optimal portfolio allocation

• To determine how much one should invest internationally we need to
consider the portfolio choice problem

• Closely associated with the formula for the cost of equity capital
• Consider an example where an investor can invest in the risk-free
asset or in seven different equity markets

• Although the possible combinations of feasible portfolios is infinite,
finance theory can be used to derive a simple answer

• Start by defining investors’ preferences for risk and return
• Then consider the combination of one risky asset and one riskless
security

• Thereafter we allow for multiple risky assets in a portfolio
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Optimal portfolio allocation
Preferences

• Preferences are typically represented by utility functions in economics
• Utility function generally links the consumption to a level of
satisfaction

• However, an individual investor derives utility from expected returns
and a lower portfolio variance

• Each investor may have a different risk tolerance

U = E[rp]−
A

2
σ2
p

• The expected return on the portfolio is E[rp] and σp is the volatility
of the portfolio

• The parameter A describes the penalty the investor assigns to the
variance of the portfolio (risk aversion)
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Optimal portfolio allocation
One Risky Asset

• Initially we restrict ourselves to one single risky asset and the
risk-free asset

• The risk-free return is rf , the risky return is r, and the weight on
the risky asset is w

• Fraction w of the portfolio is invested in the risky asset, then 1− w
is invested in the risk-free asset

rp = w × r + (1− w)× rf = rf + w × (r − rf )

• The portfolio’s expected return is E[rp] = rf + w × E[r − rf ]
• This increases linearly with the weight in the risky asset (when the
expected excess return is positive)
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Optimal portfolio allocation
One Risky Asset

• As the risk-free rate is known with certainty the variance of the
portfolio return is σ2

p = w2σ2, where σ2 is the variance of the risky
return

• Hence, the volatility of the portfolio is σp = wσ and the risk of the
portfolio is linear in w

• Using this volatility expression to substitute for w

E[rp] = rf +
E[r]− rf

σ
σp

• Describes the relationship between the expected return on the
portfolio and its standard deviation

• May be used for many possible risk-return combinations
• Note that the relationship takes the form y = µ+ βx with y = E[rp]
and x = σp, which describes a linear relationship

• The risk-return trade-off in the single risky asset case is defined by
the capital allocation line
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Optimal portfolio allocation
The Capital Allocation Line
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Optimal portfolio allocation
One Risky Asset

• To find the optimal portfolio we combine the CAL menu with the
investor’s preferences

max
w

U = max
w

[E[rp]−
1

2
Aσ2

p]

• We try to find the weight on the risky asset (w) that maximises the
utility function

• Substitute the expressions for E[rp] and σ2
p to obtain

max
w

[rf + w[E[r]− rf ]−
1

2
Aw2σ2]

• To solve for the optimal portfolio, w∗, we take the derivative of this
function with respect to w and set it equal to zero

E[r]− rf −Aw∗σ2 = 0

• Solving for the optimal portfolio gives an intuitive solution

w∗ =
E[r]− rf
Aσ2
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Optimal portfolio allocation
One Risky Asset

• Allocation to the risky asset is increasing in the expected return,
decreasing in its variance, and decreasing in the investor’s risk
aversion

• This is illustrated in the following graph
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Optimal portfolio allocation
Optimal Portfolios
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Optimal portfolio allocation
One Risky Asset

• Note that investors with different preferences toward risk and return
invest in different portfolios

• For low A (i.e. a risk taker) we are at a point such as L
• The investor is more than 100% invested in the risky asset (w > 1)
and the investor finances this position by borrowing

• For example, when A = 1, the investor borrows $1.69 for every
dollar of his own wealth invested

• He invests the $2.69 in the stock market
• For high A, the investor combines stock investing with an
investment in the T-bill

• Hence in this case, w < 1

• For example, when A = 4.0, the investor places 67% of her wealth in
the risky asset and 33% in the risk-free asset
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Optimal portfolio allocation
Mean-Standard Deviation Frontier

• When there are multiple risky assets we need to calculate the
mean-standard deviation frontier

• Represents the locus of the portfolios in expected return-standard
deviation space that have the minimum variance for each expected
return

• Consider the diagram on the following slide
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Optimal portfolio allocation
Mean-Standard Deviation Frontier
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Optimal portfolio allocation
Mean-Standard Deviation Frontier

• Circles represent the expected returns and standard deviations of
various assets

• Imagine combining a low expected return-low variance asset (say
asset X) with a high expected return-high variance asset (say asset
Y )

• Starting from a portfolio 100% in asset X, adding some of asset Y
to the portfolio increases the expected return of the portfolio in a
linear fashion

• However the standard deviation should not change in a linear fashion
• Imperfect correlation makes the standard deviation of the portfolio
increase at a lower rate than the return, giving rise to the curved
shape
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Optimal portfolio allocation
Mean-Standard Deviation Frontier

• Creating the frontier for multiple assets is the solution to a
optimization problem

• We want to minimize the return variance for a portfolio of N
securities, for each possible expected return

min
{w1,...,wN}

 N∑
i=1

w2
i σ

2
i +

N∑
i=1j

N∑
6=1

wiwjcov[ri, rj ]

⇒ Minimum variance

• such that

N∑
i=1

wi = 1⇒ Feasible portfolio,
N∑
i=1

wiE[ri] = r ⇒ Target return

• By varying r, we trace out the frontier
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Optimal portfolio allocation
Mean-Standard Deviation Frontier

• When this problem is solved for two target returns we are done
• Called two-fund separation: The minimum-variance frontier is said
to be spanned by any two minimum-variance frontier portfolios

• If we have portfolio X with weights [wX
1 , w

X
2 , . . . , w

X
N ] and portfolio

Y with weights [wY
1 , w

Y
2 , . . . , w

Y
N ] that are on the frontier

• We can generate the whole frontier by taking combinations of these
two portfolios

• Two-fund separation says that with multiple assets, all portfolios on
the frontier can be viewed as a mix of any two frontier portfolios
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Optimal portfolio allocation
Mean-Standard Deviation Frontier

• Once we have determined the mean-standard deviation frontier, we
can focus on a rather limited set of possible portfolios

• The global minimum-variance portfolio is the portfolio with the least
variance among all possible portfolios

• If you are below that portfolio, you can increase expected return
without increasing volatility

• What remains is the upper portion of the frontier, starting at the
global minimum-variance portfolio

• This set of risky portfolios is called the efficient frontier
• It yields a large number of "efficient" risky portfolios that could be
combined with a risk-free asset to form a capital allocation line



Kevin Kotzé 46/50

Optimal portfolio allocation
Mean-Standard Deviation Frontier

• Starting from the risk-free rate we can consider any portfolio on the
mean-standard deviation frontier as a potential risky asset

• Draw a potential capital allocation line (CAL) from the risk-free rate
to the risky portfolio’s point on the graph

• People with utility functions that depend positively on the expected
return and negatively on the variance of the portfolio would
naturally prefer higher Sharpe ratios

• Once we have a CAL, we know how to optimally combine the risky
portfolio with the risk-free asset from our previous analysis
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Optimal portfolio allocation
Finding the MVE Portfolio
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Optimal portfolio allocation
Mean-Standard Deviation Frontier

• Graph shows the mean-standard deviation frontier for two assets, the
U.S. and Japanese equity markets

• The “best” CAL has the steepest slope, or highest Sharpe ratio
• This is the line emanating from the risk-free return to the point
where the line is tangent to the mean-standard deviation frontier

• This portfolio is called the mean-variance-efficient (MVE) portfolio
that represents the risky portfolio that maximizes the Sharpe ratio
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Optimal portfolio allocation
Mean-Standard Deviation Frontier

• Theory suggests there is a superior risky portfolio that all investors
will prefer

• Portfolios to the left (right) of the tangency represent the MVE
portfolio for the more (less) risk-averse investors

• Note that the risky efficient frontier is completely below the CAL
going through the MVE portfolio

• By borrowing at the risk-free rate and investing more than 100% in
the MVE portfolio investors achieve a higher expected return for the
same risk
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Conclusion

• This section considered the returns and risks that are associated
with different international assets that are exposed to exchange rate
movements

• We note that by increasing diversification across assets in different
countries we are able to improve the Sharpe ratio of a portfolio

• When considering the construction of an optimal portfolio we would
want to combine information from the capital allocation line and the
mean-standard deviation frontier
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